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Abstract

Here we develop the Nabla Fractional Calculus on Time Scales.
Then we produce related integral inequalities of types: Poincaré, Sobolev,
Opial, Ostrowski and Hilbert-Pachpatte. Finally we give inequalities
applications on the time scales R, Z.
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1 Background and Foundation Results

For the basics on time scales we follow [1], [2], 3], [4], [9], [11], [13], [6], [7],
[10].
By [15], p. 256, for p,v > 0 we have that
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where I is the gamma function.

Here we consider time scales T" such that T), = T.

Consider the coordinatewise 1d-continuous functions TLQ T xT — R,
a > 0, such that kg (t,s) = 1,

o (g / R T s, @)

¥s,tel.
Here p is the backward jump operator and v (t) =t — p(¢).
Furthermore for o, § > 1 we assume that

/ ( ) bt (8,2 (1) gt (7,0 () VT = o (2,0 (), (3)

valid for all u,t € T : u < t.
In the case of T = R; then p(t) = ¢, and hi (2,5) =
NU {0}, and define
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(tk!) ke Ny =

Notice that

Firag)® gt e
/s I‘(af+1)dT— T (a+2) = hat1 (¢, 5),

fulfilling (2).
Furthermore we observe that (o, 5 > 1)
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= B (a 75 ,6)_ = hatp1 (t:u) ’

dr

it
/ ha—1 (£, 7) hg_1 (T,u)dT =

fulfilling (3).
By Theorem 2.2 of [14], we have for k,m € Ny that
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Let T = Z, then p(t) = t—1,t € Z. Definet® :=1,tF :=t (t+ 1) ... (t + &k — 1),
keN, andby(‘))wehavehk(t 5) = L= 9" s teZ, keN,.

Here L Vi = zm-q
Therefore by (4) we get

to)k—}-m-f-l

- t—T—I—lET—tgmu t—
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which results into

Lol b 5 (=it - £ 10
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()
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confirming (3).
Next we follow [5].
Let a,a € R, define t* = F(rt.i';;"),tE]R—{ —~2,-1,0}, N, = {a,a%1,a%t
...}, notice Ny =%, 05 =0,t° =1, and f : N, — R. Here p(s) = s—1,
(s) =s+1, v(t) = 1. Also define

_nf (f.) — Z (t 4 (S});:L (S) ne N,

s=a

and in general

Vo) = Z“ gl s,

where v € R — {..., =2, —1,0}.
Here we set

We need

Lemma 1 Leta > -1,z > a+ 1. Then
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Proposition 2 Let o > —1. It holds

I
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That is he, @ > 0, on N, confirm (2).
Next for u,v > 1, 7 < t, from the proof of Theorem 2.1 ([5]) we get that
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where 7 € {a, ..., 1}.
So for t, iy € N, with ty < t we obtain

t
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that is confirming (3) fractionally on the time scale T = N,.
Notice also here that

b b
[rove=3 10,

t=c+1

So fractional conditions (2) and (3) are very natural and common on time
scales.

For o > 1 we define the time scale V-Riemann-Liouville type fractional
integral (a,b€T)

IO = [ o lp ) ()77, ¢
(by [8] the last integral is on (a,t] N T)

JLf (@) =1,
where [ € Ly (Jo,b) NT) (Lebesgue V-integrable functions on [a,b] N T, see
6], 17, [10), £ € [a, 8]\ T.
Notice J1f (£) = [ f () V7 is absolutely continuous in ¢ € [a,b] N T, see
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Lemma 3 Let o > 1, f € Li{[a,b]NT). Assume that B (s,p (1) is
Lebesgue V-measurable on ([a,b] N TY; a,b € T. Then J2f € L1 ([a,b] NT).

For u < t; u,t € T, we define
fu =
e(t,u) = / P (&, p (7)) hg—1 (7,p(u)) VT
plu)

= v () ha1 (8 £ () Frp-1 (u, p (), (8)
where o, 8 > 1.
Next we noticefora, 8 > 1;a,6 € T, f € L1 ([, 0] NT), and ha-1 (s, p (£))
is continuous on ([a,b] N T)? for any a > 1, that

EF0)= [ Fas o)V [ T (r,p () £ )V
Hence
JEJBf (1) —l—ftf(u)s(t,u)Vu: JerBf (), Vie[a,dNT.

So we have the semigroup property

JeIBF (1) + ] £ () (0) B (8 p () B (s p () V= JEA 1 (8),
(9)

VteledNT, with a,b € T.
We call the Lebesgue V-integral

D(f,B,T,t) = [ £ (8) () Bar (8, p () Frpn (w,p () Vi, (10)

t € [,0]NT; a,b € T, the backward graininess deviation functional of
f € Li(a,bNT).

If T'=R, then D (f,a,8,R,t) =0.

Putting things together we have

Theorem 4 LetTy =T,a,b€T, f € Li ([0, NT); 0, 8> 1; Bai (5,0 ()
is continuous on ([a,b] N T)? for any o > 1. Then

JEJEF (8)+ D (fr B,T,8) = TP f (), (11)
VitelabdNT.



We make

Remark 5 Let 1 > 2 such thatm — 1 < p <m € N, i.e. m = [p] (ceiling
of the number), v=m—p 0 <V <1).

Let f € O ([a, b)) N'T). Clearly here ({10]) f¥" is a Lebesgue V -integrable
function.

We deéfine the nabla fractional derivative on time scale T of order p— 1
as follows:

VI @) = (T O = [ Falbp @) £V (12

ViteadNT.

Notice here that V*7' f € C([a,b] N T) by a simple argument using dom-
snated convergence theorem in Lebesque V-sense.

If p=m, then = 0 and by (12) we get

VI =T O =7 (). (13)

More generally, by [8], gwen that f¥" " is everywhere finite and ab-
solutely continuous on [a,b] N T, then fV ezists V-a.e. and is Lebesgue
V-integrable on (a,t)NT, ¥ t € [a,8] NT, and one can plug it into (12).

We have

Theorem 6 Letp >2, m—1<u<meN,v=m—pu; f€CJ}([a,b]NT),
a,b € T, T, = T. Suppose /};p_g {5, 0(f11, hy (s,p (%)) to be continuous on
([a, 8] N T)>.

Then

[EWALMﬂHWWﬂVT= (14)

577 @)y @) 6 p () s (1 p () Vit [ s p o) Vi ()9,

a

VteadNnT.

We need the nabla time scales Taylor formula



Theorem 7 ([2]) Let f e C3(T), meN, T, =T; a,b€T. Then

m—1 i
)= R0 /" @+ [ o) /T @V (5)
k==0 A
ViteebnT.

Next we present the fractional time scales nabla Taylor formula

Theorem 8 Let p > 2, m—1<p<meN, v=m-—yp; f € C(T),
a,beT, Ty =T. Suppose hy(s,p(t), hs(s,p(t)) to be continuous on
(la,b] N T)*. Then

FO) =S helt,0) f~ (@) + (16)
k=0

[ 57" @y () B e () o 1 () Vst [ o) Vi () O,
YitelabNT.

Corollary 9 All as in Theorem 8. Additionally suppose %% @) =0, k=
0,1,...,m—1. Then

AW =f®-D(fV ,p—Lv+1,T,1) (17)
= 7O~ [ £ w)w (@) s (6 () B (. () Vo
= [t Vi () I,

VielabNT.

Notice here that D (f¥",p— 1,7+ 1,7, t) € Cu(la,b)NT). Also the
R.H.S (17) is a continuous function in ¢ € [a,b] N T



2 Fractional Nabla Inequalities on Time Scales
We present a Poincaré type related inequality.

Theorem 10 Let p > 2, m—1<pu<meN, v=m—yu; f € C3{T),
a,beT,a<b T, =T. Suppose ’ﬁ#_g (s,p(1)), hs (s,p(t)) to be continuous
on ([a,b]ﬂT)z, and f¥" (@) =0, k = 0,1,...,m — 1. Here A(t) = f(t) —
D(f"",p-1,7+ l,T,t), t€la,b|NT; and let p,g > 1: i + -;— = 1

Then

flA(t)I"‘Vts(/:(/:

Next we give a related Sobolev inequality.

B (t,p(r))r’vf) % Vt) ([ s ) Vt) -
(18)

Theorem 11 Here all as in Theorem 10. Let r > 1 and denote

171, = ( / ror w)% . (19)

||A||rg([ab([

Next we give an Opial type related inequality.

Then

uca (o @) Vr)’ w) el o)

Theorem 12 Here all as in Theorem 10. Additionally assume that
lVﬁ: 1f ] is increasing on [a,b)NT. (21)

Then

o ([ (]

[1aeivits ol ves
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1t follows related Ostrowski type inequalities.

Theorem 13 Let p > 2 m—1<p<meN, v=m—pu; f € CG(T),
a,beT,a<b Ty="T. Suppose H”Ag (s,p(t)), B (s,p (%)) to be continuous
on ([a,8)NT)?, and f¥" (a) =0, k = 1,...,m — 1. Denote A(t) = f () -
D(fY", p— 1,7+ 1,T,t), t € a,b]NT.

Then

== (L ([

Theorem 14 All as in Theoremn 13. Let p,q > 1:

b
A V-1 () <

Rurs G (0] V7) 9 ) 192 Mg @)
+ -lq; =1. Then

1
b

<

b
[ AOVi-f(@)

1 N,
1 b t e » 7 -
- ( L ([ s o] 97) 9 195 - (20
We finish general fractional nabla time scales inequalities with a related
Hilbert-Pachpatte type inequality.

Theorem 15 Lete > 0, p > 2, m—1 < p<méeEN, Vv=m-—y
fi € CB(Ty), a,by € Ty, a; < by, Typ = T; teme scale, 1 = 1,2. Sup-
pose Zﬂ)_z (85, 0: (), JFL(;} (si,p; (t:)) to be continuous on ([as, b N T))?, and
¥ (a;) =0,k=0,1,..,m—1;4=1,2. Here A;(t;) = f; (t)=D:(f¥", u—1,
T+ 1,T5t), 4 € e, ) NTi;i=1,2, and p,g > 1: ?—1,+ t=1

Call

F ) = /;tl (llﬁiﬂz (t1, 1 (ﬁ))DPVTh

for all t, € [a1,b1], and

G(t2)=/t2(

az

—~ q
B, (b2, 0 (72))]) V7



for all i3 € [ag,bs] (where E'{ﬂz, p; are the corresponding ﬁy_z, p to Ty,
i=1,2).
Then

/bl jb? (|A1 (t1)] 142 (ta)] Vi Viy <

e+ ) 4 G(;‘z))

1 1
by q b2 »
{by — ay) (ba — ag) (/ A\ (t1)1q vq) (/ |VE=L ()P wz) :
1 2 (25)
(above double time scales Riemann nabla integration is considered in the nat-
ural interative way).

3 Applications

I) Here T' = R case.

Let p>2suchthat m—1<p<meN, v=m—p, feC™{(al]),
a,beR.

The nabla fractional derivative on R of order i — 1 is defined as follows:

n—1 3% 41 p(m s 1 : v p(m
VIR0 = (P O = g | ¢ IO @ar 09

Vtea,b.
Notice that VA f € C ([a,b]), and A(¢) = f(t), Vt € [a,0].
We give a Poincaré type inequality.

Theorem 16 Let u>2, m—1<pu<meN, feC"(R), a,b€R, a <b.
Suppose f®) (a) =0, k=0,1,...,m—1. Let p,g > 1 :%—l—%: 1. Then

b . [bi— a)(#ml)q b " ’
A e e e e G ({;2 |

Proof. By Theorem 10. =
We give a Sobolev type inequality.
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Theorem 17 All as in Theorem 16. Let v > 1. Then

{b— a,)’“‘g“'L%“L%

ifll. <

1 l‘lv§:1fl|q- (28)
Fp—1({(p~-2)p+1) ((#WQ)T_(_;JI_i)T

Proof. By Theorem 11. =
We continue with an Opial type inequality.

Theorem 18 All as in Theorem 16. Assume | V4, £ is increasing on [a, b].

/ F@O1VEf () dt <

1

(b_a).u‘“‘;“ ’ v -1 2q ?
. ple ) de) . (29
Tp-D[((e-2p+1)((r—2)p+2)]r </ e 1 0) ) )

Proof. By Theorem 12.
Some Ostrowski type inequalities follow.

Theorem 19 Let p>2, m—1<pu<meN, feC™(R),a,beR, a <h
Suppose f¥) (a) =0, k=1,..,m—1. Then

(b

<O gy (30)
STty Ve Heben

2 [ roe-1e

Proof. By Theorem 13. ®

Theorem 20 Here all as in Theorem 19. Letp,q > 1: % +2=1. Then
1 b—a) it )
‘5_—@ f F(&)ydt— f(a)| < ( 1) IV
‘ Pp—1) (n=1) (k—Dp+1)
(31)

Proof. By Theorem 14. =
We finish this subsection with a Hilbert-Pachpatte inequality on R.

1l



a,b; € R, a; < b;, fi(k)(ai) =0,k=0,1,...m—1;p,qg> 1:é-§—%=1.
Call

(t; = al)(#—Q)P+1

PO = TP (=Dt D’

Ifl € [61,51], and

(i~ az)(#—Z)qH
(C(e—1))" (e —2)g+1)

G (t;) =

f)g - [G.g,bg].
Then

[ (m ()l g, 4

sl F(;l) . G(gz))

by % ba %
(by — ay) (ba — az) U |velh (tl)]thl) (/ |Vel fa (t2)|?dt2) ;
i 2 (32)
Proof. By Theorem 15. =
1) Here T' = Z case.
Let u>2suchthatm—1<p<meN,v=m-p,abeZ a<hb
Hete f:Z->R, and f¥ )=V =Xy, {~1)* (7;:) fit—k).

The nabla fractional derivative on Z of order p — 1 is defined as follows:

p—1 o v41 m — 1 : P m
Ve 0= (O O =gy 2 G-,
(33)
VteE [a,00)NZ.
Notice here that v (t) =1,V t € Z, and
AR)=f@) - D(V"fp—-17+1,Z,)
R ICED M I L 39

u=a+1 I (,LL i 1)

Vi€ [a,00)NZ.
We give a discrete fractional Poincaré type inequality.
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Theorem 22 Let p>2, m—1l<p<meN,abeZ, a<bh f:Z—R.

Assume V*f(a) =0, k=0,1,...,m — 1. Letp,q>1:jlj+%:1. Then
b
> 1A <
I=a+1
1 b t L
N - +1(*‘*2)P))( VAL (1) )
w3 (35,0 07) ) (B oo .
35

Proof. By Theorem 10. =
We continue with a discrete fractional Sobolev type inequality.

Theorem 23 Here all as in Theorern 22. Let r > 1 and denote

1l = (Z |f(t>r) N

=a+1

Then

Ak
5 [

b i

1Al < P(#l ) Z (Z (t—T-I—I)(‘T:Z)p)

t=o+1 \7=a+1

)II‘V - 36)

Proof. By Theorem 11. =
Next we give a discrete fractional Opial type inequality.

Theorem 24 Here all as in Theorem 22. Assume that | V%, f| is increasing
on [a,b] NZ. Then

S IAGNVEF ()] <

M - - _ (Ew—g)p % ¥ et 2% %
525 (8 (B ™)) (zemror)

(37)
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Proof. By Theorem 12. =
Tt follows related discrete fractional Ostrowski type inequalities.

Theorem 25 Let p>2, m—1<p<meN,a,b€Z,a<b f:Z—R
Assume VFf(a)=0,k=1,..,m—1.

Then
1 b
e > AR -f(a) <
t=a+1
1 b £ e
. p—2 n—1
G —p) Bl 1) (tga;d (f;rl ¢ ; ks )) ”‘Ua* f”W'[a,b}HZ' (38)
Proof. By Theorem 13. =
Theorem 26 All as in Theorem 25. Let p,q > 1: i + % = 1. Then
1 b
P > A@-fle)| <

t=atl

b t - N3
i | 20 (3 et 09 ) 195

t=a+1 \7=a+1
(39)

Proof. By Theorem 14. =
We finish article with a discrete fractional Hilbert-Pachpatte type inequal-

ity

Theorem 27 Let e > 0, p > 2, m—1 < p<meN;i=12 fi:
7 — R, a;,b; € Z, a; < b;. Suppose V*fi(a;)) = 0, k = 0,1,..,m — 1.
F i 7L i— g =z
Here A; (t:) = fi () = 30 _o (V7F () S350 —, V & € [a3,00) NZ;
p,q>1:%+%:1.
Call ) =)
1 i
(tl S 1) i
F(tl) = ; 3
2. (C(p—1)7

T1=a;+1

14



v t1 € [G.l,OO)ﬂZ, and

B 2 (tz—’f“z—%-l)(”__i)q
6= 2 -0y

To=az+1

¥ iy € [ag,00) N Z.
Then \ .
- AL ()] Az (82)]

> <
(c+ 7l 1 )

ty=a1+1iz2=a2+1 q

by

(bl—ﬂl)(bz'“az)( > |velh (fi)lq) L Z |V{:;1f2(t2)|p) :

ti=ai+l tz=az-+1
(40)

Proof. By Theorem 15. ®
We intend to publish the complete article with full proofs elsewhere.
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